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Abstract 

We prove generalizations of Lowner's results on matrix monotone 
functions to several variables. We give a characterization of when a 
function of d variables is locally monotone on d-tuples of commuting 
self-adjoint n-by-n matrices. We prove a generalization to several 
variables of Nevanlinna's theorem describing analytic functions that 
map the upper half-plane to itself and satisfy a growth condition. We 
use this to characterize all rational functions of two variables that are 
operator monotone. 

1 Introduction 

In 1934, K. Lowner published a very influential paper [25] studying 
functions on an open interval C M that are matrix monotone, i.e. 
functions / with the property that whenever S and T are self-adjoint 
matrices whose spectra are in E then 

S<T f{S)<f{T). (1.1) 

This property is equivalent (see Subsection 1.3) to being locally ma- 
trix monotone, i.e. if S{t) is a arc of self-adjoint matrices with 
(j{S{t)) C E then 

S'{t)>0 ^ ±f(Sit))>0. (1.2) 
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Roughly speaking, Lowner showed that if one fixes a dimension n 
and wants (1.1) or (1.2) to hold for n-by-n self-adjoint matrices, then 
certain matrices derived from the values of / must all be positive semi- 
definite. As n increases, the conditions become more restrictive. In the 
limit as n — 7- oo (equivalently, if one passes to self-adjoint operators on 
an infinite dimensional Hilbert space), then a necessary and sufficient 
condition is that the function / must have an analytic continuation 
to a function F that maps the upper half-plane to itself. 

The goal of this paper is to extend the above notions to several 
variables. In particular, we want to study functions of d variables 
applied to (i-tuples of commuting self-adjoint operators. Given two 
d-tuples S = {S^, . . . , S"^) and T = (T^, . . . , T'^), we shall say that 
S" < T if and only if S"' < for every 1 < r < d. We want to study 
functions that satisfy (1.1) or (1.2) for d-tuples. 

Before we can describe our results, we must first give a more de- 
tailed description of the one-dimensional case. We recommend the 
book [14] by W. Donoghue for a well-written account from a modern 
perspective. See also the paper [31]. 

Note that there is another approach to extending Lowner's results 
to several variables where the operators S^,. . . ,S'^ act on different 
spaces H.^, . . . and f{S) is interpreted to act on V.^ (8> • • • (8) 'H'^- 
We refer the reader to the papers [16, 36, 23] and references therein. 



1.1 Dimension one 

Let E be an open set in M, and let n > 2 be a natural number. The 
Lowner class C\{E) is the set of functions f : E ^ M. with the 
property that, whenever {xi, . . . , is a set of n distinct points in 
E, then the matrix A, defined by 



f{Xj) - f{Xi) 



if i^j 



f'{xi) if i=j, 



is positive semi-definite. 

We shall let denote the n-by-n complex matrices, SAM^ the 
self-adjoint n-by-n matrices, and SA the bounded self-adjoint opera- 
tors on an infinite dimensional separable Hilbert space. 

Definition 1.3. A function f is locally n-matrix monotone on the 
open set E cM if, whenever S is in SAMn with cr{S) consisting of n 
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distinct points in E, and S{t) is a curve in SAMn with 5(0) = S 
and j^S{t)\t=o > 0, then -f{S{t))\t=o > 0. 

Remark 1.4. This definition is slightly different from the one in the 
first paragraph, where the eigenvalues were not required to be distinct. 
We use this definition to be consistent with the multivariable Defini- 
tion 1.9 below. However, using formula (6.6.31) in [18] for -rfiSU)), 

at 

it is easy to show that in the one variable case the two different defi- 
nitions are equivalent^. 

We shall say that / is n-matrix monotone on E, or M„-monotone, 
if, whenever S and T are in SAMn and all their eigenvalues lie in E, 
then (1.1) holds. To emphasize the difference from locally monotone, 
we shall also call n-matrix monotone functions globally Mn-monotone. 
Replacing SAM^ by 5^4, we get the definitions of locally operator 
monotone and operator monotone. 

Theorem 1.5 (Lowner). Let £' C M 6e open, and let f G C^{E). 
Then f is locally n-matrix monotone on E if and only if f is in C\{E). 



We shall use 11 to denote the upper half-plane, {z G C : Imz > 0}. 

Definition 1.6. Let E M be open. The Pick class on E, denoted 
V{E), is the set of real-valued functions f on E for which there exists 
an analytic function F : 11 — )• 11 such that F extends analytically 
across E ancP 

lim F(x + iy) = fix) \/ x £ E. 

Theorem 1.7 (Lowner). LetE(^R be open, and let f G C^iE). The 
following are equivalent: 

(i) The function f is locally operator monotone on E. 

(a) The function f is in C\{E) for all n. 

(Hi) The function f is in V{E). 

^This formula says that for a arc S{t) = U{t)K{t)U*{t), with U{t) unitary and A(t) 
diagonal with diagonal entries \i{t), . . . , \n{i), and a function /, then 

|/(5(t)) = u{t)m{ut),\,mo[u{trs'{t)u{t)])u{tr, 

where A means the matrix of divided differences, and o denotes the Schur product. 

^The notation y \ means y decreases to 0. The notation r 1 means r increases to 

1. 
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1.2 Dimension d > 2 : Local results 

We shall let CSAM^ denote the set of d-tuples of commuting self- 
adjoint n-by-n matrices, and CSA"^ be the set of (i-tuples of commuting 
self-adjoint bounded operators. If 5 is a commuting d-tuple of self- 
adjoint operators acting on the Hilbert space Ti, and / is a real-valued 
continuous (indeed, measurable) function on the joint spectrum of S 
in M*^, then f{S) is a well-defined self-adjoint operator on T-L. 

Definition 1.8. Let E be an open set in , and f be a real-valued 
function on E. Say f is locally operator monotone on E if, whenever 
S is in CSA'^ with o'{S) C E, and S(t) is a curve in CSA"^ with 

S(0) = S and —S(t)\t=o > 0, then —f(S(t))\t=o exists and is > 0. 
dt dt 

We shall not concern ourselves in this paper on what conditions 
on / guarantee that f{S{t)) is differentiable; for these see e.g. [28]. 

Definition 1.9. Let E be an open set in W^, and f be a real-valued 
function on E. We say f is locally Mn-monotone on E if, whenever 
S is in CSAM!^ with ct{S) = {xi,...,Xn} consisting of n distinct 
points in E, and S{t) is a curve in CSAM^ with 5(0) = S and 

-rS{t)\t=o > 0, then -— f {S {t))\t=o exists and is > 0. 

We define the Lowner classes in d variables, C'^{E), by: 

Definition 1.10. Let E he an open subset of W^. The set Ci{E) 
consists of all real-valued -functions on E that have the following 
property: whenever {xi, . . . , Xn} are n distinct points in E, there exist 
positive semi- definite n-by-n matrices A^ , . . . ,A'^ so that 



A^{i,i) = 




d 

and f{xj)-f{x,) = J^(x5-xD^^(i,i) V 1 < i, j < n. 

r=l 

Here is our d- variable version of Theorem 1.5; we prove it as The- 
orem 7.24. 

Theorem 1.11. Let E be an open set in M.'^, and f a real-valued 
function on E. Then f is locally Mn-monotone if and only if f is in 
CUE). 
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In generalizations of Theorem 1.7, there turns out to be a difference 
between the case d = 2 and d > 2. 

Definition 1.12. The Lowner class, C^, is the set of functions F : 
H'^ — )• n with the property that there exist d positive semi- definite 
kernel functions A^, 1 < r < d, on 11'^ such that 

F{z)-Fiw) = {z^ -w^)A\z,w) + ... + {z'^ -w'^)A'^{z,w). 

When d = 1 or 2, the Lowner class coincides with the set of all 
analytic functions from II'^ to 11, but for d > 3 it is a proper subset 
(see Remark 2.18). 

Definition 1.13. Let E C be open. The class C{E) is the set of 
real-valued functions f on E for which there exists an analytic function 
F in such that F extends analytically across E and 

lira F{x^ -\-iy,...,x'^ + iy) = fix'^,...,x'^) \/ x e E. 
y\o 

We prove the following result as Theorem 8.1. 

Theorem 1.14. Let E be an open set in M'^, and f a real-valued 
function on E. The following are equivalent: 

(i) The function f is locally operator monotone on E. 

(a) The function f is in C'^{E) for all n. 

(Hi) The function f is in C{E). 

1.3 Local to Global 

In one variable, provided E is an interval, local monotonicity implies 
global monotonicity immediately. Indeed, suppose S < T, and let 
S{t) = (1 - t)S + tT. Then S'{t) = T - S > 0, so 

f{T)-f{S) = j'^y{S{t))dt >0. (1.15) 

If E is not convex, this argument fails. Indeed, the function —1/x 
is locally n-matrix monotone on ]R\{0} for all n; but it is only globally 
monotone on sets that lie entirely on one side of 0. A result of Chandler 
[11] says that functions that are globally operator monotone on a set 
E always extend to be globally monotone on the convex hull of E. 

For intervals, (1-15) shows that the word "locally" can be dropped 
in both Theorem 1.5 and 1.7. One problem in going to several variables 
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is that this simple argument no longer works, because one may not be 
able to connect S and T by a path of commuting d-tuples. Indeed, 
the fohowing example shows that there need not be any commuting 
tuples between two given ones. 

Example 1.16. Let S and T be pairs in CSAM2 given by 



If R is in CSAM2 and S < R < T, it can be shown that either R = S 
OT R = T. 

We have been unable to resolve the question of whether the n- 
matrix monotone functions on a connected open set E are a proper 
subset of the locally n-matrix monotone functions on E. However, as 
n tends to infinity and we pass to locally operator monotone functions, 
analyticity enters the picture, and makes the problem more tractable 
— see Subsection 1.5. 

1.4 The Nevanlinna Representation 

To prove (iii) (i) in Theorem 1.7, one must understand analytic 
functions that map the upper half-plane to itself. A key fact is a 
characterization due to R. Nevanlinna [26] which says that, provided 
they have some regularity at infinity, they are all Cauchy transforms 
of measures on the line. 

Theorem 1.17 (Nevanlinna). If F '.H is analytic and satisfies 



for some C G M, then there exists a unique finite positive Borel mea- 
sure I' on R so that 



T 



S 




limsup y \F(iy) — C\ < 00, 



3/— >oo 




(1.18) 
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Nevanlinna's theorem was used by M. Stone to prove the spec- 
tral theorem [37], but one can adopt the reverse viewpoint, and write 
(1.18) in terms of the resolvent of a self-adjoint. Indeed, let X be the 
self-adjoint operator of multiplication by the independent variable on 
L^(z^), and v the vector in L^{i^) that is 1 a.e. Then (1.18) can be 
rewritten as 

F{z) = C + {{X - z)-^v,v). (1.19) 

This representation turns out to be useful in studying operator mono- 
tonicity, because then 

F{S) = CI + Rl{I®X -S^iy^R^, (1.20) 

where Rv : % ^ % ® M \s given hy R^, i ^ v. 

There is a several variable analogue of Theorem 1.17. It may re- 
quire first perturbing F. 

Definition 1.21. For each real number t, define 



For F G L"- , define Ft by 

Ftiz\...,z'') := ptoFiptiz'),...,ptiz'')). 

The following theorem follows from Theorem 6.33. We shall say 
that a function F on 11'^ is analytic on a neighborhood of infinity if the 
function F{l/z^, . . . , l/z"^) extends to be analytic on a neighborhood 
of the origin. In Theorem 6.33, a weaker assumption is placed on F 
than being analytic in a neighborhood of infinity. 

Theorem 1.22. Let F be in CJ^ , and assume that F is analytic in 
a neighborhood of infinity. Then for all sufficiently small t, with at 
most countably many exceptions, the function Ft has the following 
representation. There is a Hilbert space M, a densely defined self- 
adjoint operator X on A4, a vector v in Ai, a real constant C, and d 
orthogonal projections P^, . . . , P'^ with ^'^^i P^ = Im ■^o ihat 

d 

Ft{z) = C+{{X-Y,^''n''v,v). (1.23) 

r=l 
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1.5 Dimension d > 2 : Global operator mono- 
tonicity 

If E is an open set in M*^, we shall say that a real-valued function / 
defined on E is globally operator monotone, or just operator monotone 
for short, if, for every n, whenever S and T are in CSAM^, with 
S <T, and the joint eigenvalues of both S and T lie in E, then 

f{S) < f{T). 

Using the representation (1.23), we can prove results on (global) 
operator monotonicity. With notation as in Theorem 1.22, let us say 
that the /i-resolvent of X is the set of points 

d 

{{z\. ..,z'^) E : X zT'' has a bounded inverse}. 

r=l 

We prove the following result as Theorem 9.2. 

Theorem 1.24. Let X he a densely- defined self-adjoint operator on 
a Hubert space Ai, let v be a vector in Ai, let C be a real constant, 
and let , . . . , P'^ be projections with orthogonal ranges that sum to 
the identity. Let F be given by 

d 

F{z) = C+{{X-Y,z''Pl~^v,v). 

r=l 

Let E be an open box in that is in the ^-resolvent of X. Then F 
is globally operator monotone on E. 

As an application, we can give a complete characterization of the 
rational functions of two variables that are operator monotone on 
rectangles. This is Theorem 9.6. 

Theorem 1.25. Let F he a rational function of two variables. Let 
r he the zero-set of the denominator of F. Assume F is real-valued 
on \ r. Let E he an open rectangle inM."^ \ T. Then F is globally 
operator monotone on E if and only if F is in C{E), that is if and 
only if F is the restriction to E of an analytic function from 11^ to 11 
that extends analytically across E. 
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2 Some Notation 



We shall let B denote the unit disk in the complex plane, 11 the upper 
half-plane {z : Im (z) > 0}, and H the right half-plane {z : Re (z) > 
0}. We shall let 

be a linear fractional map that maps D to H, and 

m = '—^ (2.2) 

Z + I 

be its inverse. 

We shall let d denote the number of variables. If z is a point in 
n'^, we shall use z^,. . . ^z'^ to denote its components; likewise A = 
(A\ . . . , A"^) wiU be a point in B''. We shah write 5" = . . . , 5"^) for 
a d-tuple of matrices or operators, and use ||5|| for maxi<r<rf US""!!. 
We shall also use a and /3 to denote the maps from B*^ to H'^ and back 
again that are defined by applying a and f3 coordinate-wise. 

A kernel on a set E is a map K : E x E ^ C with the property 
that for every finite set {Ai, . . . , Aat} of distinct points in E, the matrix 
[K{Xj,Xi)] is positive semi-definite. 

Definition 2.3. The Pick class, V^, is the set of analytic functions 

Definition 2.4. The Schur class, S'^ , is the set of analytic functions 
: B'^ ^ B. 

Definition 2.5. The Caratheodory class, C^, is the set of analytic 
functions Tp : 3'^ ^ M. 

Definition 2.6. The Lowner class, CJ^ , is the set of functions F : 
n"^ — > n with the property that there exist d kernel functions , 1 < 
r < d on 11'^ such that 

F{z)-l\w) = {z^-w^)A^{z,w) + ... + {z'^-w'^)A'^{z,w). (2.7) 

Definition 2.8. The Schur-Agler class, , is the set of functions (p : 
B'^ — 7- B with the property that there exist d kernel functions , 1 < 
r < d onl}'^ such that 

l-(/j(A)^ = (l-AV^)^HA,Ai) + ... + (1-AV)S'^(A,/x). (2.9) 
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When the dimension is clear, we shah drop the superscript d. 

Remark 2.10. If we exclude the constant function 1 from S, we have 
the identification 

F £ V poFoa G S -iFoa G C. (2.11) 

Moreover, we also have (again excluding the constant function 1) 

Fee (3oFoa G A, (2.12) 

(see Lemma 2.13). As all our results are trivial for constant func- 
tions, we shall use (2.11) and (2.12) without explicitly mentioning the 
exclusion of the constant function 1. 

The following change of variables formula is in [20]. A function 
is in A'^ if and only if it is analytic and maps d-tuples of commuting 
strict contractions to contractions; a function is in if and only if 
it is analytic and maps d-tuples of commuting operators with strictly 
positive imaginary parts^ to operators with positive imaginary parts. 

Lemma 2.13. The function F : U'^ ^ C is in the Lowner class if 
and only if Lp := (3 o F o a is in the Schur-Agler class A'^. 

Proof: Define tp = (3 o F o a. Then ip is in A'^ if and only if there 
are kernels on D such that 



(2.14) 



r=l 

When z = a{X) and w = a{iJ.), (2.14) becomes 

d / 



l-poF{z)(3 oF{w) = X] U 



r=l 



z"- + i 



Rearranging (2.15), we get 

d 

F{z)-¥{w) = ^{z^- 

r=l 



B^\P{z),P{w)). 

(2.15) 



w 



F(z) +iF{w) - i 

^ -B {f3{z),f3{w)). 



z"- + 1 



(2.16) 



■^We say an operator T has strictly positive imaginary part if there exists a > such 
that {T-T*)/2i > al. 
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If is defined for r = 1, . . . , d by 



A'{z,w) = . ^'^ /3 Z 

+ I — I 

(2.16) becomes 

d 

F{z)-F^ = (2.17) 

r=l 

which means F is in C^. Reversing the argument gives the converse. 
□ 

Remark 2.18. It is known that A"^ = S'^ for d = 1 or 2, and that for 
d>3A'^(^S'^ [13, 38, 2]. It follows similarly that the Lowner class 
equals the Pick class in dimensions 1 and 2, and is strictly contained 
in it for d>3. By Theorem 5.5.1 of [32], rational inner functions are 
dense in the unit ball of S'^ in the topology of uniform convergence on 
compacta. Therefore there must be rational inner functions in S'^ \ A"^ 
for d > 3. By (2.11) and (2.12), it follows that for each d > 3, there 
are rational functions that are real on M'^ and that are in \ CJ^. 



3 Models, B-points and C-points 

For a function in ^ we can take the representation (2.9) and 
decompose the S^'s as Gramians to get a Hilbert space model for 
That means we find a separable Hilbert space A^, an orthogonal 
decomposition of A^, 

M=M^®---®M^, (3.1) 

and an analytic map u : D*^ — )• 7W such that 

d 

1 - R^v'(A) = (1 - lFX){u\y;)M^ (3.2) 

r=l 

for all X, fi & W^, where we write ux for u{X), for the projection 
onto Ai^' , and ti^ for P^'[ux]. 

We shall view (3.1) interchangeably as a graded Hilbert space {i.e. 
one with a given orthogonal decomposition) or as a single Hilbert space 
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with d given projections P^,. . . ,P'^ that are orthogonal and add up 
to the identity. 

In general, if 77 G A^, we set r]^' = P^'[rj\. If A G C^, we may regard 
A as an operator on M. by letting 

Ar? = A\^ + • • • + AV- (3.3) 

Equation (3.2) can then be rewritten as 

1-^V?(A) = ((l-^*A)nA,n^). (3.4) 

A lurking isometry argument yields the following result [2]. 

Theorem 3.5. If {Ai,u) is a model of if ^ A'^, then there exist a € C, 
vectors f3,j £ Ai and a linear operator D : Ai ^ Ai such that the 
operator 

a 1(g) (3 ' 
7(g) 1 D 

is a contraction on C (B A4 and, for all A G D"^, 

{l-DX)ux = 7, (3.6) 
ifiX) = a + {Xux,(3). (3.7) 

With notation as in Theorem 3.5, we shall call (a, /3, 7, D) a real- 
ization of {A4 , u) . 

One can rewrite (3.6) and (3.7) as 

V?(A) = a + /3*A(/- L'A)-^. (3.8) 

How one can go from (3.8) to (3.2) is discussed in [9] and [7]. 

If we start instead with the representation (2.7) of a function F 
in C^, we can decompose the kernels as the Grammians of some 
vectors v"^ , in auxiliary separable Hilbert spaces . Then we get, in 
the analogous notation to above, 

d 

F{z)-¥{w) = Y.^z'- -w'-)A''{z,w) 

r=l 
d 

= ^{z'' -w''){vl,vl)Mr 

r=l 

= {{z - w*)vz,Vw)jV- (3.9) 
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This decomposition leads to a lurking self-adjoint argument, which we 
shall discuss in Section 6. 

In [4], we introduced the concept of a i?-point for S. Let us give 
a unified definition for each of the classes S,V and C; notice that it 
depends on the codomain of the function. 

Definition 3.10. Let U and V be fixed domains, and f : U ^ V an 
analytic function. A point r in dU is called a B -point of f if there 
is a sequence Xn of points in U that converge to t and such that 

dist(/(A„),ay) 

dist(A„,ac/) ^ ' 

is bounded. 

So, for example, a point r in 511'^ is a S-point for a function F 
in if there exists some sequence Zn in II'^ that tends to r and such 
that the quantity 

minrg{i,...,d}(Imz;) 

is bounded. 

For a function in (respectively, A"^) we shall call a point r a 
S-point if it is a -B-point for the function thought of as an element 
ofV^ (resp. 5^). 

For each of the three classes S,V, and C, it follows from results of 
F. Jafari [19] and M. Abate [1] that if r is a -B-point, then the ratio 
(3.11) remains bounded for every sequence A„, that tends to r non- 
tangentially. Moreover, the function / will then have a non-tangential 
limit at r. (A sequence A„ in U tends to the point r non-tangentially 
if A„ tends to r and 

dist(A„, r) 
dist(A„,aC/) 

is bounded.) 

The following result was proved in [4] for d = 2, but the proof 
generalizes to any d. We shall need it in the proof of Theorem 6.26. 

Lemma 3.12. Let ip E A'^ and r G T"'. Let {^A,u) be a model for (p, 
and (a, /3, 7, D) be a realization. The following are equivalent, 
(i) T is a B-point for ip. 

(a) For some sequence A„ converging to r non-tangentially, the 
sequence ||iiA„|| is bounded. 
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(in) For any sequence A„ converging to t non-tang entially, the 
sequence \\u\^\\ is bounded. 

(iv) The vector 7 is in the range of (/ — Dt). 

Moreover, if u\„ converges to a vector weakly as A„ tends to t non- 
tangentially, then converges in norm. The vector u^- := linir/ii u^r 
exists for every B -point t. 

A stronger condition than being a i?-point is being a C-point. 

Definition 3.13. A point x ^ is a C-point for F £ C if there 
are complex numbers r]^, . . . ,ri'^ and a real number c so that 

d 

F{z)-c-Y,v''{z'-^l = o{\\z-x\\) (3.14) 

r=l 

as z tends to x non-tang entially. 

In particular, if F is difFerentiable at x and F{x) is real, then x 
is a C-point for F, as (3.14) then holds as z tends to x from any 
direction. 

The following result was proved in [4]. 

Proposition 3.15. Suppose F £ C has a model as in (3.9). If x is 

a C-point for F, then as z converges to x non-tang entially from Yi'^ , 
the vectors Vz converge in norm, to some vector Vx in M . 

4 Analytically continuing Pick func- 
tions 

Suppose F is analytic on n*^, and E is an open set in R*^. What condi- 
tions on F guarantee that it can be analytically continued across El 
The edge-of-the- wedge theorem (see Theorem 4.10 below) is a com- 
mon tool to give such extensions. Checking the hypotheses, however, 
requires knowledge of the values of F as one approaches points of E 
not just non-tangentially but also tangentially. If F is in the Pick class 
V^, Theorem 4.8 says that it suffices to know that every point of E 
is a -B-point (which can be checked by looking at the values of F on 
the inward-pointing normal). 

As we are using bars to denote closure, we shall use stars for the 
complex conjugate of a set, and write 11* for the lower half-plane. 
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4.1 One dimension 



To understand the situtation, let us first consider the one dimensional 
case. Let -0 : D — )• H be non-constant. Then ip has a Herglotz repre- 
sentation; if we assume '0(0) is positive, then 

l-2n ie _|_ 

^(') = / -w^df,{9) (4.1) 
Jo e — z 

for some positive measure ^. There is an elegant analysis of when ip 
has S-points in the paper [35] by D. Sarason, where the following two 
propositions are proved. Proposition 4.2 is originally due to M. Riesz 
[30], and Proposition 4.4 to R. Nevanlinna [27]. 

Proposition 4.2. Let he given by (4-i), o,nd let t be a point in T. 
Then ip has a B -point at r if and only if 

I J^e^MO) < oo. (4.3) 

If (/3 = /3 o (iip) is the Cayley transform of ip, there is a distinction 
between 5-points where (/?(r) equals 1, corresponding to ^(r) = oo, 
and all other cases. 

ip - 1 

Proposition 4.4. Let ip = , where ip is given by (4-1), and let 

■0 + 1 

T be a point in T. Then ip has a B-point at r with (p{t) ^ 1 if and 
only if (4-3) holds. The function (p has a B-point at r with ^p^r) = 1 
if and only if t is a mass point of fi. 

Suppose now that 93 : B) — t- B has an open arc / of S-points. Can ip 
be extended analytically across /? If we know that p omits a value on 
/, then the answer is yes. Indeed, after a Mobius map, we can assume 
that p is the Cayley transform of some ip as (4.1). If condition (4.3) 
holds on an open arc /, then /i must vanish on / by Lemma 4.5 below. 
But then the formula (4.1) gives an analytic function on the extended 
plane less T \ /. 

However, without the assumption that p omits a value, the answer 
may be no, as Example 4.6 shows. 

Lemma 4.5. Suppose n is a measure on [— 7r,7r) and (4-3) holds for 
T = e*^ for every x in an open arc I C [— vr, tt). Then iJ,{I) = 0. 
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Proof: For /_f a.e. point x in /, there is a constant c > such 



that 



1 1, 2 



by [34, Thin 8.6 and Thm 8.10]. For such an x, we have 



> 

> 
> 



x+l/k 

x-l/k 
1 

ck. 



1 



Letting A: tend to infinity, the integral would be infinite; so /i must 
put no mass on /. □ 

Example 4.6. Here is an example of a function in the Schur class of 
one variable that has i?-points at every point of T but that cannot be 
analytically continued across every arc. 

Let Tn = e*^" be a sequence in T that converges to 1. Let Cn = 

1 - Tn 



X-T„ 



2~"|1 — T„p. Then for every A E T, the quantity 
or equal to 1 for all but finitely many values of n. Therefore 

2 



1 



Tn 



X-T„ 



< oo 



is less than 



(4.7) 



for every A. 

Let /i = 2~^''5x„, let F be the Herglotz transform of fi, and let 
F -1 

(p = . By Proposition 4.4, we have that ip has every point of T 

F + 1 

as a S-point, but if cannot be analytically continued across any arc 
containing 1, as it takes the value 1 infinitely often on any such arc. 



4.2 d dimensions 

Our goal is to prove the following analytic continuation theorem: 

Theorem 4.8. Let E he an open subset ofW^. Then there is an open 
set U in that contains H"^ U E U IT"^ with the following property: 
whenever F is in the Pick class, and every point of E is a B -point 
for F , then there is an analytic function G on U that agrees with F 

on n'^. 
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This theorem immediately imphes the omit-a-value theorem. Let 
us say that a subset E' of T'^ is a B-set for ip in 5*^ if every point of 
E' is a S-point for ip. 

Theorem 4.9. Let E' be an open subset ofT'^. Then there is an open 
set U in containing D'^ U -E' U {C \ D}'^ such that the following two 
statements are equivalent for any ip in the Schur class: 

(1) there is an analytic function ijj onU that agrees with ip on D*^; 

(2) the set E' is a B-set for ip and for every point r in E' there 
exists a neighborhood V of t in T'^ and a point u inT such that 
no nontangential limit of ip at any point ofV is equal to lo. 

Condition (2) says that every point of E' has a neighborhood where 
the non-tangential limits of ip omit some value in T. 

We need a version of the edge-of-the- wedge theorem (Theorem C 
from [33]). We write M+ for the interval (0, oo). 

Theorem 4.10. [Edge- of -the- wedge] Let E he an open subset ofW^. 
Then there is an open set U in that contains H'^ U E U H*'^ and is 
such that whenever H is an analytic function on 11'^ with the property 
that for every g in C^{E), 

lim / g{x)\mH{x + iy)dx = 0, (4-11) 

then there is an analytic function G on U that agrees with H on H'^. 

Proposition 4.12. Let E be an open subset of Mf^. Then there is 
an open set U in that contains H'^ U E U IT"^ with the following 
property: if J is a non-empty interval in M, F is in the Pick class, F 
has non-tangential limits at almost every point of E, and these limits 
are all m M \ J, then there is an analytic function G on U that agrees 
with F onU'^. 

Proof: Precomposing F with a Mobius transformation of H if 
necessary, we can assume that J is an interval about infinity, so the 
non-tangential limits are in some compact set [—M, M] a.e. 

Let H{z) = log(l + M + F{z)). Then H maps into {z G C : 
< Im z < vr}, and 

lim H(x + iy) G [0, log(2M + 1)1 a.e. x G E. 



17 



As H has bounded imaginary part, we can pass the hmit inside the 
integral on the left-hand side of (4.11), and as H has real boundary 
values, we get that the limit is 0. Therefore by Theorem 4.10 we get 
an analytic extension of H, and hence F, to the desired open set U . 
□ 

Proof of Theorem 4.8: We can extend F to 11*'^ by letting 
F{z) = F{z) on n*"^. The difficulty is in showing that the definitions 
of F on the two disjoint domains 11'^ and 11*'^ are analytic continuations 
of each other across E. This is a local property. If we can show that 
every point of E has a neighborhood on which the boundary values 
of F take values in a bounded set, we can apply Proposition 4.12 
to conclude that the reflection of F is an analytic continuation of F 
across this neighborhood in E. Since this is true at every point, the 
conclusion of the theorem will follow. 

For convenience, we will change variables and consider the function 
(/^(A) = {—i)F o a, which is in C^. 

We can normalize to assume that (p{0, . . . , 0) = 1 and that the 
point of interest for ip is /3(0, ...,0) = (— 1,...,— 1). So for some 
< c < I , the set 

{{e'^\...,e''^^) : V 1 < r < d, |^^| > vr - 5c} (4.13) 

consists of i?-points for ip. In what follows, we shall choose arg to take 
values in [— vr, vr). 

For each r in the set 

{r G T'^-^ : | arg(rJ)| < 2c, V 1 < j < d - 1}, 

define gr in by 

9t{z) = ^p{z,t^z,t'^z,...,t'^~^z). 

Then for each r, the set 

he = {c7 G T : I arg(fj)| > vr - 3c} 

is a set of i?-points for g^, and 5'r(0) = 1. Each g-j- has a Herglotz 
representation, and by the results of subsection 4.1 the corresponding 
measure is supported off the set /3c. So 

/vr— 3c giS _j_ ^ 
-7r+3c C ~ Z 
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for some probability measure jj,r- Therefore if a is in the arc Ic = {cr £ 
T : I arg((T)| > vr — c}, 



pn—3c 


e'^ + a 


/-7r+3c 


e'^ - a 



< sec c. 

Therefore on the set {Ic)'^ we conclude that the non-tangential limits 
of <p take values in the bounded set [— sec c, sec c]. 

Notice that c does not depend on F: we have shown that for any 
F, normalized to have F{i, . . . ,i) = i, if F has i?-points on the set 
a((/5c)''), then F is bounded on a{{Ic)'^). By Proposition 4.12, this 
latter set now has a neighborhood to which F can be analytically 
extended, and this neighborhood can be chosen independently of F. 
So every point x in E has a neighborhood Ux to which all functions 
F in the Pick class with i?-points on E can be extended; let U be the 
union of all the Ux as x ranges over E. □ 



5 The Lowner classes 

We shall single out functions that have a representation on subsets of 
M'' as in (2.7). 

Definition 5.1. Let E Q he a non-empty open set, and let n 
he a positive integer. We define Cn{E) to he the set of real val- 
ued differentiahle functions that have the following property: when- 
ever {xi, . . . , Xn} are n distinct points in E, there exist positive semi- 
definite n-hy-n matrices , . . . ,A'^ so that 



and 

d 

f{xj) - f{xi) = Y.^x] - x'i)A'{i,j) V 1 < i, j < n. (5.3) 

r=l 

We shall give an alternative description of C{E). We shall tem- 
porarily call it Cq{E), but we shall show in Proposition 5.11 that it 
coincides with the set C{E) from Definition 1.13. 

Definition 5.4. Let E he a non-empty open set. We shall let 

Cq{E) denote the set of differentiahle real valued functions f on E for 
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which there exist positive semi- definite functions A^, . . . , A'^ : ExE ^ 
C so that 

A'{z,z) = ^ (5.5) 
d 

and f{z)-f{w) = ^{z'' -w'')A''{z,w). (5.6) 

r=l 

If C W^, a function / in Ca{E) can be extended to a function 
F in £ that has / as its non-tangential (which we abbreviate nt) 
boundary values on E. 

Proposition 5.7. Let E (1 M.'^ be open, and let f e Cg{E). Then 
there exists F ^ such that every point of E is a B-point for F , 
and such that 

limF(z) = f{t) y teE. (5.8) 

2— 5>t 

Proposition 5.7 follows immediately from the corresponding result 
on the polydisk, Theorem 5.9, which was proved by J. A. Ball and V. 
Bolotnikov [6] (we are changing their language slightly; they did not 
explicitly use the notion of S-point). 

Theorem 5.9 (Ball-Bolotnikov) . Let E' C T'' and let : E' ^ C 

Suppose there are positive semi-definite functions B^,...,B'^ : E' x 
i?' — 7- C such that, for all A, ^ in E' , 

1-V'(A)V^ = {l-X'fl')B\X,fz) + ... + (1-AV)5^(A,A^). 

(5.10) 

Then there is a function ipinA such that every point of E' is a B-point 
for ip and 

lim ip{X) = '0(t) y t e E'. 

Moreover, if (p is defined to equal ip on E' , the kernels B^ can he 
extended to E' U D"* so that, for all A, fi in E' U B'^, 

1-(^(A)^ = (l-AV)i?i(A,^) + ... + (1-AV)^'(A,/z). 



We can pass back and forth between regarding functions in C{E) 
as functions in the Lowner class that have -B-points on E (and so 
can be analytically extended across E), and as functions that are char- 
acterized by their values on E by (5.4) and can then be analytically 
extended into H'^. 
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Proposition 5.11. Let E C be a non-empty open set. The fol- 
lowing four sets coincide. 

(i)n^^,Cn{E). 

(a) The set Cq{E) defined by Definition 5.4- 

(Hi) The set C{E) defined by Definition 1.13. 

(iv) The functions f on E for which there exists a function F in 
such that every point x of E is a B -point of F and the non-tangential 
limit of F at X is f{x). 

Proof: It is immediate that {ii) C (i). Theorem 4.8 asserts that 
{Hi) = (iv). Proposition 5.7 says that {ii) C (iv). 

To show (Hi) C (ii), choose a model for F so that (3.9) holds on 

X n°': 



d 



F{Z)-F{W) = {{Z -W*)vz,vw) y Z,W £ U 

As every point in E is a C-point for F, we can let Z and W tend 
to points in E non-tangentially, z and w respectively. By Proposi- 
tion 3.15, the vectors vz and converge to Vz and -y^. Let 

A''{z,w) = {vl,vl) 

and one gets (5.6). To get (5.5), let z be in and let W in IV^ tend 
to z non-tangentially. As F is analytic at z, we have 



F{W)-F{z) = 
From the model, 



+ o(llz-l^ll). (5.12) 



F{W)-F{z) = {{W-z)vw,Vz) 

= {{W-z)vz,Vz) + {{W - z){vw -Vz),i^m 

The second term on the right of (5.13) is o{\\z — W\\), so comparing 
with (5.12) we conclude that 



9/ 



I r T 



and hence (5.5) holds. 

To prove (i) C (ii), we need to show that if (5.5) and (5.6) hold 
on every finite set, with perhaps a different choice of A^'^s each time, 
then we can make one choice for the A^^s that works everywhere. 
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Let / S n'^^iCniE). Consider any finite set {zi, Zn} of distinct 
points in E. By Definition 5.1 there exist kernels A^, . . . ,A'^ on E such 
that equations (5.2), (5.3) hold, and we have 



Since the matrices are positive semi-definite we also obtain bounds 
on the off-diagonal entries of all the A"^ . Hence the set K of all d- 
tuples {A^, . . . , A'^) for which equations (5.2), (5.3) hold is a compact 
non-empty subset of M^. 

Moreover, if {B^, . . . , B'^) is a d-tuple of kernels on any finite su- 
perset Z of {zi, . . . , Zn} for which the analogs of equations (5.2), (5.3) 
hold, then the choice of A^ to be the principal submatrix of B"" corre- 
sponding to {zi, . . . , Zn} gives a d-tuple that belongs to K. There- 
fore by Kurosh's theorem [5, p. 74] or [3, p. 30], there is a d-tuple 
{A^, . . . , A'^) of kernels on E such that equations (5.2) and (5.3) hold 
for all points Zi, Zj £ E. □ 

6 The /i-spectral theorem 

A function in the Pick class of one variable, i.e. an analytic function 
from n to n, has an integral representation which can be obtained 
from the Herglotz representation (4.1) of functions from B to EI by a 
change of variables [17]. 

Theorem 6.1. [Herglotz] An analytic function F : 11 — )• H has a 

unique representation of the form 



where Im c > and d> 0, and n is a finite positive Borel measure on 
M. Conversely any function of this form is in the Pick class of one 
variable. 

If in addition F decays up the imaginary axis, one gets that F 
is the Cauchy transform of a finite measure on M. This is called the 
Nevanlinna representation, and was proved by R. Nevanlinna [26]. 

Theorem 6.3. [Nevanlinna] // F : IT — t- 11 is analytic and satisfies 



i = 1, . . . , n, r = 1, . . . , d. 




(6.2) 



limsup \yF{iy)\ < oo 



(6.4) 



y—>-oo 
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then there exists a unique finite positive Borel measure u onM. so that 

Remark 6.5. If one considers ip = —iF o a : B) — H, then d in Theo- 
rem 6.1 is the mass assigned to the point 1 in the Herglotz representa- 
tion of ip. Nevanhnna's condition (6.4) in Theorem 6.3 is equivalent to 
saying that = fioFoa : B — )■ ID has a i?-point at 1 with (p{l) = —1. 

One can prove the spectral theorem for a (possibly unbounded) 
self-adjoint operator by showing that, if is the resolvent, then for 
any vector u the function {RzU, u) is in the one variable Pick class, 
and satisfies Nevanhnna's growth condition. Then Theorem 6.3 gives 
the scalar spectral measure. See [14, Chap. V] or [24, Chap. 32]. 
Conversely, if X is the operator of multiplication by the independent 
variable on L'^{fi), and v is the constant function 1, then (6.2) becomes 

Fiz) = c + dz + {{1 + zX){X - z)-^v,v). (6.6) 

In several variables, there is also a connection between Pick func- 
tions and self-adjoint operators, which could be called a //-spectral 
theorem (Theorem 6.9 below). 

Definition 6.7. Let Ai be a Hilbert space, with a fixed decomposition 
as M. = Jv(^ ® • • • © Let T be a densely defined linear operator 
on M.. For z = {z^ , . . . , z'^) in C^, define the ^i-resolvent ofT at z to 
be 

{T-z)-^ = (T- [zi/^i ©•••©z'^/_^,])-i. 

The ^-spectrum of T is the complement of the set of points in for 
which the fi-resolvent is bounded. 

The expressions "/i-resolvent" and "//-spectrum" are not standard, 
but they are suggested by usage in control engineering. The notion of 
//-analysis provides an approach to robust stabilization in the presence 
of "structured uncertainty" [15]. Corresponding to the projections 
P^, . . . , P'^ one defines the "cost function" /i(X) by 

^=inf{||r||:r.B(A^), 

each P^ Ai reduces T and 1 — TX is singular }. 

In what follows, we shall write z for z^Lj^i © • • • © z^Lj^d and z* 
for z^Lj^i © • • • © z'^Lj^d. Let us recall Definition 1.21. 
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Definition 1.21. For each real number t, define 

= (0.8) 

For F ^ C^, define 

Ft := ptoFopt. 

Note that, similarly to the maps a and /3, we use pt on to mean 
the component- wise action. 

Theorem 6.9. Let F be in C^, and zq a point in 11'^. For all except 
at most a countable number of real numbers t, there is a Hilbert space 
Ai = Ai^ (B ■ ■ ■ ® Ai'^ , a self-adjoint operator X on A4, a vector v in 
Ai, and a real number c so that 

Ft{z) = c + {zv,v) + {{z - zl){X - z)-^{z - zo)v,v). (6.10) 

Conversely, if zq is a point in 11'^, c is a real number, X is a densely 
defined self-adjoint operator on a Hilbert space Ai = Ai^ © • • • © A4'^, 
and V is a vector in Ai, then the function of z given by the right-hand 
side of (6.10) is in CJ^ . 

Proof: (=^>) Let 99 = /3oFoain J^^ where a and /3 are defined 
in (2.1) and (2.2). Choose a model for Lp so that (3.2) holds: 

d 

1-^V,(A) = 5^(l-^A^)(n5;,npA,. 

r=l 

= ((1 - ^*A)nA,U^)A^. (6.11) 
Define a linear operator V by 

^ ■ ( AuA ) '"^ ( ""A ) ' 

and extend it by linearity to finite linear combinations of vectors of 
the form 

( ) 

where the points Aj range over B*^. 

V is defined on a subspace of C©7W, and by (6.11) it is isometric 
on its domain. If the codimensions of the closures of the domain and 
range of V are the same, V can be extended to a unitary U . If they 
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are different, after the addition of a separable infinite dimensional 
summand to one of the spaces Ai^' , the codimensions become equal, 
and one can then extend V to a unitary U. So we can assume that 
we have a unitary U : C® — )-C©A^ such that 



U : 



1 

Xux 



(6.12) 



Now, let r be a point in the unit circle that is not in the point spectrum 
of [/, and let 

1 - r 

t = -I . 

1 + r 

As C © is separable, the point spectrum of U is countable, so all 
but countably many real numbers t will arise in this way. 
Let 



Y 



-i{U -Ty\U + t) : {U-T)r]^ -i{U + T)r]. 



Then Y is densely defined and self-adjoint. Its domain T> is ran (U—t) 
Moreover, by definition 



Y : 



V9(A)-r 
(1 - tX)ux 



■i((^(A)+T) 

i(l + tX)ux 



Therefore 



Y : 



( 



1 - tA 



Let 



(^(A)-r 
1 + tA 

1 - r/3(z) 



(6.13) 



(3oF{z)-T 
Then one can rewrite (6.13) as 



Ul3{z)- 



Y 



1 



Pt o F{z) 

-p-t{z)Vz 



(6.14) 



Now let 
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Then (6.14) becomes 

As Y is self-adjoint, (6.15) implies that 

Ftiz)-Ftiw)* = {{z-w*)v,,v^). (6.16) 

Let X be the compression of —Y to A4. By Lemma 6.24, X is 
self-adjoint with dense domain equal to D DM. 
If 7 is in P n , then 



Y 



1 I -X7 



for some linear functional L. 

Define v = Vz^, and let a = Ft{zQ). Then 



Y 



V J \ -ZqV 



For z e n"' let 



Vv \ V \ v? — V 



a \ ^ f L{vz - v) 



-ZQV J \ -X{vz - v) 

By (6.15), we get the equations 

Ft{z) = a + L{v,-v) (6.17) 

zvz = zov + X{vz — v). (6.18) 

For 7 G Pn A^, 
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Therefore 

L(7) = -(7,zo^;) + (X7,7;). (6.19) 
If z is in n'^, then by Lemma 6.25, X — z is invertible, so (6.18) yields 

v^-v = {X - zY^{z- zq)v. (6.20) 

Combining equations (6.17) to (6.20), we get 

Ft(z) = a - {vz-v, zqv) + {zv;, - zqv, v) 

= a- {vz - v,zov - z*v) + {{z - zo)v,v) 
= a+ {{X - z)~'^{z - zo)v,{z* - zo)v) 

+ {{z- zo)v,v). (6.21) 

By (6.16), 



a-a = Ft{zo) - Ft{zo) = {{zq - Zq)v , v) , 

so c := a — {zov,v) is real. Then (6.21) becomes (6.10), as desired. 

(■x=) To prove the converse, suppose X is a self-adjoint operator on 
A4 with dense domain D' . Let F{z) be given by the right-hand side 
of (6.10). Define by (6.20), i.e. 

= v + {X - z)~^{z- zq)v. (6.22) 

Define a linear functional L on T)' by 

L(^) = -(7,zo^^) + (^7,^)- 

Let V be the linear span in C ® 7W of the vector ( ^ ) and the vector 



V 

space ® V . Let a = c + {zqv, v). Finally, define y on P by 



for t in C. It is routine to verify that Y is symmetric. Moreover, by 
(6.22), {vz — v) is in the domain of X — z, and therefore in T>' . So 

^ is in P for every z in 11, and therefore 
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Expanding (6.23) and rearranging, one gets 

F{z) - F{w) = {{z -w*)uz,Uu,), 
and hence F is in C^. 



□ 



Lemma 6.24. With notation as in the proof of the forward direction 
of Theorem 6.9, the domain of X isT)r\M. This domain is dense, 
and the operator X is self-adjoint. 



Proof: Since T) is dense in C® A^, there are vectors in -M. that 

I are in P. If 7 is any vector in 



converge to zero and such that 



M, there are vectors 
do the vectors 

an 

Vn 



an 



in T) that converge to 



hence so 



1 







Therefore P n 7W is dense in M . 

Let P be the projection from C ® onto M. Let X 
with domain T)' = D DM. Then for 7, 1] in T>' , we have 



-PY\ 



M 



= -{Yl,v) 
= -{l,Yv) 
= (7,^^)- 

So X is symmetric. 

To prove X is self-adjoint, it remains to show that X and X* have 
the same domain. Assume that there is some vector ry in such that 



KX7,r?)| < C||7| 



for ah 7 E D'. Then for every vector 
one, we have 



in D of norm at most 







V 



)l 





6 - c^i 



So 





V 



= \{Y 

< c||5-^i|| + |c| ||y 

is in 2? , and therefore r] is in D' . 



+ c 



1 

6 



1 

6 




V 

< C. 



□ 
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Lemma 6.25. Let X be a densely defined self-adjoint operator on A4. 
The fi-spectrum of X is disjoint from 11^ U 11'^* . Moreover, 

WiX-zy^W < 1/ min (|Imzn) VzGH'^un'^*. 

l<r<d 

Proof: Let X be self-adjoint on M = © • • • © M'^, and let 
z = {x^ + iy^, . . . ,x'^ + iy'^) be a point in 11'^ U 11'^ . Then for any 

{{X-z)v,v) = {{X -x)v,v) -i{y'^\\v'^f + ---+y%X)- 

The first summand on the right is real, so X — z is bounded below 
by min(|y^|), and therefore has a left inverse. Applying the same 
argument to z* , we get that X — z* has a left inverse, and taking 
adjoints we get that X — z has a right inverse also. □ 

When F decays at infinity, we can sharpen Theorem 6.9 to get a 
theorem like Nevanlinna's Theorem 6.3. (It has long been known that 
the limsup in Nevanlinna's theorem can be replaced by a liminf). 

Let us write 1 for (1,1,..., 1), and si for (s, s, . . . , s), etc. 

Theorem 6.26. Let F he in C^, and assume F has a representation 
as in (6.10) with t = 0. Then the following are equivalent. 



liminf y\F[iy\)\ < oo. 

J/— >oo 

(ii) There exists a vector vi in M so that 

F{z) = {{X - zy\i,vi) z G n*^. (6.27) 

(iii) The function (p = (3 o F o a in S has a B -point at 1 and 
(^(1) = -1. 

(iv) limy_>oo F{iyl.) = and the vectors f (i^i) defined by (6.22) sat- 
isfy 

liminf ?/||'i;(i„i) || < oo. 

(v) The vector v is in the domain of X and limj^_>.oo F{iyl) = 0. 
Proof: (i) =^ (iii) Let ip = j3 o F o a. Condition (i) becomes 



liminf — 

s^l 1 - S 



l + ip{sl) 



1 - ip{sl) 



< oo. (6.28) 
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The left-hand side of (6.28) dominates 

l-\ip{sl) 



1-s ' 

so 1 is a 5-point. In order for (6.28) to hold, we must have (p{l) = — 1. 

(iii) <^ (iv) As the proof of Proposition 2.13 shows, one can pass 
between a model {Ai,u) for 93 and a model {Ai,v) for F by letting 

< = (^3^1 (6-29) 



1 - y(A) \ 

1 - A ; 



= ( —] <(A) r = l,...,d. 



By Lemma 3.12, having a S-point at 1 is equivalent to U(ri) 
being bounded as r — )■ 1~. Moreover, 99(rl) tending to —1 is the same 
as F{iyl) tending to as y — )• 00. And as long as F{iyl) has a finite 
limit, (6.29) says that nj-^i) is bounded iff is. 

(iv) (v) As X is densely defined and self-adjoint, it is closed. 
By (6.18), the vectors Vz — v all lie in D', the domain of X. Let 
z = (iyl) and let y — )• 00. Then v — tends to v. Moreover, 
X{v — f (iyl)) = zqv — iyvf^iyi-j contains a bounded sequence as y — )■ 00, 
and therefore a subsequence that converges weakly to some vector, w 
say. So (f , t/;) is in the weak closure of the graph of X, therefore in 
the graph of X, and hence v is in V . 

(v) =^ (ii) If f E P', then (6.19) becomes 

L{-^) = {^,Xv-zov). (6.30) 
Let vi = {X — zq)v. Then (6.18) says 

{X-z)vz=vi. (6.31) 
Combining (6.17), (6.30) and (6.31), we get 

Ft{z) = a-{v,vi) + {{X-z)-\uVi). (6.32) 

Now let z = (iyl) in (6.32) and let y — t- 00. By Lemma 6.25, the last 
term on the right tends to zero, so we must have a — {v,vi) = 0. 
(ii) =^ (i) Lemma 6.25 implies that 

\\F{z)\\ < ||t;i||Vmin(|Imzn), 

and so (i) follows. □ 

For later use, let us record a slight variant of Theorem 6.26; it is 
proved in the same way. 
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Theorem 6.33. Let F be in C^, and assume F has a representation 
as in (6.10) with t = 0. Then the following are equivalent. 

(i) There exists a constant C GM so that 

liminf y\F{iyl) — C\ < oo. 

y—>-co 

(ii) There exists a vector vi in M and a constant C in M so that 

F{z) = C + {{X - z)~^vi,vi) z G n"^. 

(iii) The function (p = (3 o F o a in S has a B -point at 1 and 

(iv) liniy^oo F{iyl) = C G R and 

liminf ?/||u(i„i)|| < oo. 

(v) The vector v is in the domain of X . 

7 Locally matrix monotone functions 

Recall the definition of locally n-matrix monotone. 

Definition 1.9 Let E he an open set in , and f be a real-valued 
function on E. Say f is locally M^-monotone on E if, whenever 
S is in CSAM^ with a{S) = {xi, . . . ,Xn} consisting of n distinct 
points in E, and S{t) is a curve in CSAM^ with S{0) = S and 
d d 

—S{t)\t=Q > 0, then -— f {S {t))\t=o exists and is > 0. 

If S is in CSAM^, we can choose an orthonormal basis of eigen- 
vectors that diagonalize all the 5^''s simultaneously, so 



x. 



\ 



n J 



V 1 < r < d. (7.1) 



If S{t) is a curve of commuting self-adjoints, then ^(O)-!-* ■^S{t)\t=o 
commutes to first order, i.e. the commutators are all o{t). 

For any X S M„ we define diag X to be the diagonal matrix in M„ 
with diagonal entries Xa, and for any A G SAM^ we define diag A 
to be (diag A\ . . . , diag A''). 
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Definition 7.2. We shall say that S in CSAM^ is generic if its 
spectrum consists of n distinct points. 

Lemma 7.3. Let S be in CSAM^ and A be in SAM^, with S generic. 
Then there exists a curve S{t) of commuting self-adjoints with 
5(0) = S and S'{0) = A if and only if 

[5^ A"] = [5^ AH y l<r^s<d. (7.4) 

Proof: (=^): If S{t) = S + tA + o{t) is commutative, calculate 

[S'{t),S'{t)] = ^([5^A^]-[5^A'■]) + o(^). 

The coefficient of t must vanish, giving (7.4). 

(<^): Suppose S is as in (7.1), and (7.4) holds. This means 

A|/x,^ - xl) = Al^ix^^ - xl) yr^s, (7.5) 

so 

^h-F^ = ^'jZ^ if - x[ / / - x|. (7.6) 
Define a skew-selfadjoint matrix Y by 

Yij = Aij— for any r such that x^j — xl ^ 0. (7.7) 

For any i / j, there is some r with x'j — x^ ^ 0, so (7.7) defines Yij; and 
(7.6) says it doesn't matter which r we choose. Let all the diagonal 
terms of 1" be 0. 
Define 

5^(t) = e*^(5^ + t diag A")e-*^. (7.8) 

Since e*^ is a unitary matrix and + t diag A'' is diagonal, S{t) G 
CSAM^ and 

j^S'-{t)\t=o = [Y,Sn+diag A^' = A\ 

□ 

If S and A satisfy (7.4) and S is generic then for any function / that 
is on a neighborhood of cr{S) we define the directional derivative 
of / at 5 in direction A by 

DAfiS) = |/(5(t))|i=o (7.9) 
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where S{t) is the curve given by equations (7.8) and (7.7). We shall 
show in Proposition 7.18 that (7.9) is actually unchanged if S{t) is 
replaced by any other curve that agrees with it to first order. First, 
let us show that the right-hand side of (7.9) exists. Indeed, 



/(5(t)) = e*^/(S + idiag A)e-*^. 



(7.10) 



Since S + 1 diag A is diagonal, f{S + t diag A) is diagonal, with ith 
entry 

f{xi + tAii) = /(x,) +tJ2^u§^i^i) + o{t). 

r=l 

In other words. 



df 



fiS + t diag A) = f{S) + 1 5^(diag ^1q^{S) + o{t) 



r=l 



Hence, on differentiating equation (7.10) at we obtain 
j^f{Smt=o = [Y, f{S)] + J](diag A0^( 



We have shown the following. 

Proposition 7.11. Let S be a generic d-tuple of commuting self- 
adjoint matrices in . Fix an orthonormal basis of eigenvectors, so 
every S"" is diagonal: 



( 



\ 



\ 



Let /S. be a d-tuple of self-adjoints satisfying (7.4)- Let f be on 
a neighborhood of {xi, . . . ,Xn} in M"^, where each Xj is the d-tuple 
(xj, . . . , Xj). Then 



[DAfiS)] 



^f ^ h where 7^ x\ 



(7.12) 



Corollary 7.13. For S, A as in Proposition 7.11, if f,g are func- 
tions that agree to first order on cr{S), then D/^f{S) = D^g{S). 
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Lemma 7.14. Let R and S be in CSAM^. For every point fi in the 
joint spectrum of R there is an Xp in the joint spectrum of S with 

\\H-Xp\\ < Vdn\\R-S\\. (7.15) 

Proof. Choose an orthonormal basis that diagonahzes S, so that S 
is as in (7.1). Let A = R — S. Let be a joint eigenvalue of R 
with corresponding eigenvector ^ = (^i, . . . , ^„)*. Choose p so that 
\Cp\ > iCil for ah l<j<n. 

Then for each 1 < r < d, we have 

R^^ = = {S' + A')^. 

So in particular, 

n 

Therefore 

n 

So 

IT r I ^ 

\^J' -Xp\ < 



< 
< 

and hence 

d 

Y.\f^'-x;\' < dn\\Af. 

r=l 

□ 

Lemma 7.16. // R{t) is a Lipschitz path in CSAM^, < t < 1, 
with R{0) = S generic then there exists e > and Lipschitz maps 
Xi,...,Xn: [0,e) such that a{R{t)) = {Xj{t) : j = 1, . . . ,n} . 

Proof. Choose an orthonormal basis that diagonahzes S, so S is as 
in (7.1). The joint eigenvalues of S are the points Xj = {xj, . . . ,xf), 



VIA". I 



n 



V^IIAHI, 
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and genericity means \\xi — Xj\\ > if i ^ j. Choose e so that for all 
< t < e, 

Vdn\\R{t) — S\\ < - min — (7-17) 

By Lemma 7.14, for every joint eigenvalue x of S there is a joint 
eigenvalue fi of R{t) within distance Vdn\\R{t) — S\\ of it. By (7.17), 
this means that R{t) is also generic, and it makes sense to talk of the 
joint eigenvalue of R{t) that is closest to Xj. Let us call these joint 
eigenvalues Xj{t). We have proved that 

\\Xj{t)-Xj\\ < Vdil\\R{t) - S\\ yO<t<e. 

Repeating the argument with R{ti) in place of S, we get 

\\Xj{t2) - Xj{ti)\\ < Vd^\\R{t2) - R{ti)\\ V0<ti,t2<e- 

As R is assumed to be Lipschitz, we get that each Xj is Lipschitz 
also. □ 

Proposition 7.18. If S is generic in CSAM^, A is in SAM^, and 
they satisfy the commutation relations (7.4), then for any path 
R{t) G CSAM^ such that R{0) = S, R'{0) = A and any f e , 

f^f{Rmt=o = DAf{S). (7.19) 
Proof. If 3 is a monomial then a simple calculation shows that 

exists and depends only on g, S and A. It follows that, for any poly- 
nomial g, 

j^g{Rmt=o = j^9{Smt=o = D^giS). (7.20) 

Consider any f £ and pick a polynomial g that agrees with / 
to first order on o-{S). By Corollary 7.13, 

DAfiS) = DAg{S). (7.21) 

We claim that 

j^9{Rmt=o = j^f{Rmt=o. (7.22) 
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For by Lemma 7.16 there exist Lipschitz functions Xi, . . . , X„ : [0, e) — )■ 
R"^ such that a{R{t)) = {Xi{t),..., for all t. Then f{S) = g{S) 

and 

\\{f-g){Rm\ = max|(/-5)(X.(t))| 

= o{max\\Xi{t) - Xi{0)\\) 
= o{t). 



Hence 

f{R{t)) - f{S) g{R{t)) - g{S) 



t 

In view of equation (7.20), 

f{R{t))-f{S) ^ d 
t dt 



as t ^ 0. 



g{R{t))\t=o = D^g{S) ast^O. 



On combining this relation with equation (7.21) we obtain equation 
(7.19). □ 

Corollary 7.23. A real-valued function f on an open set E C 
is locally Mn-monotone if and only if 

DAfiS) > 

for every generic S in CSAM^ with spectrum in E and every A in 
SAM^ such that A>0 and 

[5^A"] = [5", AT V 1 < r / s < d 

The statement follows immediately from Definition 1.9 and Propo- 
sition 7.18. 

If one drops the genericity assumption on S, the situation becomes 
significantly more complicated. Nonetheless, K. Bickel has recently 
analyzed this situation, and has shown that both Lemma 7.3 and 
Proposition 7.18 remain true without the generic assumption on the 
eigenvalues of S [10]. Passing from differentiating functions of matrices 
to differentiating functions of operators brings up another set of issues. 
See [29] for a discussion of these. 

We can now characterize locally matrix monotone functions. 
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Theorem 7.24. Let E be an open set in M'^, and f a real-valued 
function on E. Then f is locally Mn-monotone if and only if f is in 
CUE). 

Proof: (<^=) We must show: if S is generic with a{S) C E, ii A is 
a positive d-tuple and [S^ A^] = [S^ for all r, s, then Z)a/(5) > 0. 

Let cr{S) = {xi, . . . ,Xn}- Choose as in Definition 5.1. For 
i j, assume without loss of generality that xj xj. Then 



[DAfiS)]. 




r=l 



(We get the last line by using (7.6)). By (7.12) the same formula 
holds for [D^f{S)]ij when i = j, so D^f{S) is the sum of the Schur 
products of A^ with A^, so is positive. 

(=^) Let / be locally M„-monotone, and fix {xi, . . . , Xn} distinct 
points in E. Let S be given by (7.1). We wish to find positive semi- 
definite matrices A'^ such that (5.3) and (5.2) hold. 

Let G be the set of all skew-symmetric real n-by-n matrices T with 
the property that there exists a d-tuple A of real positive semi-definite 
matrices satisfying 



A = — — 

^ ' ^ dx'' 



l<i<n, l<r < (C.25) 



Xi 



Y,ix'j-xl)A'{i,j) = Tij \<i + 3<n. (7.26) 



r=l 



Let A be the matrix Ajj = /(xj) — f{xj). We wish to show A is in ^. 

Notice that ^ is a closed convex set. Moreover, it is non-empty, 
df 

is always greater than or equal to 0. (This last asser- 



because 

ox 



th 



tion can be seen by letting A be except in the r slot, where it is 
/, and calculating D/\f{S)). 

So if A is not in G, by the Hahn-Banach theorem there is a real 
linear functional L : M„ — )• M that is non-negative on G and negative 
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on A. Any such linear functional is of the form L{T) = tr{TK) for 
some matrix K. Replacing K by (K — K^)/2 will not change the value 
of L on skew-symmetric real matrices, so we can assume that there is 
a real skew-symmetric matrix K such that tr{TK) > for all F in ^, 
and tr{AK) < 0. 
Define A by 

A^ = {x^^-xl)K,i. 
Then A is in SAM^, and 

[A^5^,, = {x^^-xt)Kj,ix^^-x:) = [A^5^], 

so A satisfies (7.4). 

Moreover A > 0. Indeed, fix s between 1 and d, and let ci, . . . , 
be complex numbers. We want to show that 

n 

^c^CjAfj > 0. (7.27) 

For r s, let A"^ be the diagonal matrix with entries given by (7.25). 
Define A^ to be the sum of the diagonal matrix from (7.25) with the 
rank one matrix [cjCj]. Define T by (7.26). Then F is in Q, and since 
K and A* both vanish on the diagonal, 

n 

tr{TK) = J](x|-x,*)^^(i,jKi* 
> 0, 

yielding (7.27). 

As / is locally M„ monotone, we must have then that D/\f(S) > 0. 
But 

> tr{AK) = [fixJ)-fix^)]Kj^ 

~ — 

l<i^j<n j « 

= E [^a/(5)]^„ 
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which is a contradiction. 



□ 



As the dimension of the matrices increases, the condition that a 
function / be locahy monotone becomes more stringent. On an infinite 
dimensional Hilbert space, the requirement becomes that / be in the 
Lowner class, as we shall see in the next section. 

8 Locally operator monotone functions 

We defined locally operator monotone functions in Definition 1.8. We 
shall show that being locally operator monotone is the same as being 
locally M„-monotone for all n, which in turn is the same as being in 
the Lowner class C{E). 

Theorem 8.1. Let E he an open set in , and f a real-valued 
function on E. The following are equivalent. 

(i) The function f is locally Mn-monotone on E for all n > 1. 

(ii) The function f is in C{E). 

(Hi) The function f is locally operator monotone on E. 

The equivalence of (z) and [ii) follows from Theorem 7.24 and 
Proposition 5.11. The implication {Hi) [i) is obvious. We need to 
prove that {ii) =^ [Hi). First we need some preliminary results. 

Proposition 8.2. Let E he an open set in , and let f G ^{E). 
Then there is a model {Ai,v) for f such that is locally Lipschitz on 



Proof: By Proposition 5.11 we can extend / to a function F in 
C that extends analytically across E and agrees with / on E. For this 
F we have a model {M,v) so that 

F{z) - F{w) = {{z-w*)v„v^)m y z,w G ^un'^, (8.3) 

and by Proposition 3.15, if w is in E, then Vw is the limit of Vz as z 
tends to w non-tangentially from inside 11'^. 

Fix w in E (so F{w) is real). Then, by analyticity, we have for z 
close to w : 



E. 



W 



n + E 



|a|>2 



{z - w) 

,„ a! 



a 



(8.4) 



39 



From (8.3), we get 

F{z) - F{w) = {{z - w)vz,Vu,) 

d d 



r=l 



r=l 



As z tends to w non-tangentially, the second term is o{\\z — w\\), so 
comparing with (8.4) we see that 



..r l|2 



9/ 



yi<r<d. 



(8.5) 



Now let z and w both be in E. Comparing (8.3) and (8.4), we get 

{z - wy 



{{z - w)Vz,Vw) - {{z - w)Vw,Vw) 
Swapping z and w, we get 

{{W - z){Vy, - V;,),Vz) = 

Subtracting (8.6) from (8.7), we get 



l"l>2 



(8.6) 



|a|>2 



{w - z)° 



{(z-w){v,-v^),{v,-v^)) = ((-1)H 

l"l>2 

But since / is analytic, 



(8.7) 



{z — wY 







V dx"' 


^ dx°' 



= 0{\\z-w\\), 

and so the right-hand side of (8.8) is 0{\\z — w\\^). Therefore 

{{z-w){v,-v^),{v,-v^)) = 0{\\z-wf). (8.9) 

If all the differences \z^' — were comparable, we could conclude 
immediately that ll?;^ — = 0(||2; — i(;||). If they are not, we can get 
round this difficulty by connecting z to w by two line segments. 

Indeed, suppose maxi<r<d \z^ — w'^\ = e. Choose numbers a'' and 
with modulus between 1/2 and 2 so that 



z^'-w' = (o"-6")e yi<r<d. 
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Let 

x'^ = w'' + d!'e = + h'e. 
Then applying (8.9) to the pairs {z,x) and (x,w), we get 

= 0(||z — xll + ||x — uill) 

= o(lk-"'ll), 

as desired. 



□ 



Suppose now f and {Ai,v) are as in Proposition 8.2. So v : z 
Vz is a map from £' to A^. Let 5 be a d-tuple of bounded commuting 
self-adjoint operators on a Hilbert space Ti, with cr{S) C E. We want 
to define an operator v{S) £ BiJ-L^T-i ® M). 

We do this by choosing an orthonormal basis for M, and writing 



v{z) 



( vi{z) 

V2{z) 

V '■■ 



110) 



We must caution the reader that the subscripts on the right-hand side 
of (8.10) run over the dimension of M, and are not interchangeable 
with the superscripts on v that identify which piece of A^^, . . . , 
one is in. After using the orthonormal basis to identify Ai with i"^, 
we have 





r v^ 1 

^z 






Vz = 










yd 







Then 



viS) 



I vi{S) 

V2iS) 



Ul) 



The operator v{S) is bounded, because if S has spectral measure A 
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and ^ is a unit vector in Ti, then 



vim' = E/ 



aiS) 



(8.12) 




d 



5/ 



z 



(8.13) 



and the last sum is finite because (t{S) is compact and / is C^. 

The operator v{S) does not depend on the choice of orthonormal 
basis in A^. A simple calculation shows that, for any h ^ % and 
m G M, 



This gives a coordinate-free expression for 5(5)*, hence also for v{S). 

Lemma 8.14. Let E, f and {M,v) be as in Proposition 8.2, and S 
he a d-tuple of bounded commuting self-adjoint operators on a Hilhert 
space H, with a{S) C E. Then 



Moreover, v is continuous. 

Proof: Inequality (8.15) has been proved in (8.13). To prove 
continuity of v, let K he a compact subset of E with (t(5) C int{K) C 
E. Let e> 0. 

As V is continuous on K and K is compact, there exists such that 
Sj^Af+i — °^ -f'o^ 1 < j < A, there is a polynomial 

Pj such that \\pj — VjWoo < e/9N on K. There exists (5 > so that if 
\\T^ - ^'^11 < S, then a{T) C K and \\pj{T) -pj{S)\\ < s/9N for each 

1 < i < A. 

Let vj^iS) be the operator 



v{S)*{h(^m) = {m,v{-)){S)h. 




(8.15) 



/ vi{S) \ 



vn{S) 




V 
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Then ||i)7v(S') -{}(S')|| < e/3 by (8.12), and similarly \\vn{T)-v{T)\\ < 
e/3. As 

\\vj{T)-v,{s)\\ < ||«^.(r)-p,(r)||+||p,(r)-p,-(5)||+||p,(5)-i;,(5)||, 

and each entry is at most e/9N, 

IMS)-%(r)||<A^(^ + ^ + ^) = |. 

and hence 

\\v{T)-v{S)\\ < e. 

□ 

We assume that M is decomposed as = M'^ ® ■ ■ ■ ® M^, and 
is the orthogonal projection from Ai onto . If S = {S^, . . . , S'^) 
is a d-tuple of operators on we shall write 

50/ := S^^P'^®---®S'^^P'^ (8.16) 

which is an operator onTi M. 

Proposition 8.17. Let E he open in W^, let f £ ^{E), and assume 
{M.,v) is a model of f for which v is continuous. Let S and T be d- 
tuples of commuting self-adjoint operators on a Hilbert space Ti with 
spectrum in E. Then 

f{T)-f{S) = v{Sy[TQl-SQl]v{T). (8.18) 

Proof: First assume that S and T are (separately) diagonalizable. 
Let be an eigenvector of S, and i] an eigenvector of T, so for some 
numbers z^,w^ we have 

T^'t] = z^'r] V 1 < r < d. 

Then 

{[f(T)-f{S)]v,On = {[f{z)-f{wr]v,On- 

Also, 

{v{Sr [TQl-SQl]v{T)r^,On 

= {[TQl-SQl]r]^v{z),^^v{w))n(^M 
d 

r=l 

= {f{z)-f{w)){i^,On- 
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So both sides of (8.18) agree if you apply them to an eigenvector of T 
and then take the inner product with an eigenvector of S. By hnearity, 
this is true also for linear combinations of eigenvectors, and as these 
are assumed dense, we get that (8.18) holds. 

If S and T are not diagonalizable, by the spectral theorem we can 
approximate them in norm by operators that are, and as v and / are 
both continuous, one gets (8.18) in the limit. □ 

Proof of Theorem 8.1: Assume / is in C{E), and S{t) is a 
curve of commuting self-adjoint d-tuples with 5(0) = S and 5"(0) = 
A > 0. Choose a model {M,v) with v locally Lipschitz. Then by 
Proposition 8.17, 

f{S{t))-f{S) = v{Sr[{S{t)-S)Ql]v{S{t)). 

As 

S{t) = S + t^ + o{t), 

we get 



= limi(S)'[A0 7]i(S(t)) + limi(S)*|o(l)li(SW) 

Q i->0 t^O 



v{S)* [^Ql]v{S). 



Hence f{S{t)) is differentiable at 0, and its derivative is a positive 
semi-definite operator. □ 



9 Globally Operator Monotone Func- 
tions 

Definition 9.1. Let E he an open set in , and f he a real-valued 
function on E. Say f is globally operator monotone on E if, whenever 
S and T are d-tuples of commuting hounded self- adjoint operators on 
a Hubert space with (j{S) U cr{T) C E, and S <T, then f{S) < f{T). 

If F has the form in Theorem 6.26, then it is globally monotone 
on boxes in the //-resolvent of X. 



Theorem 9.2. Let X be a densely- 
graded Hubert space A4 = A^"*^ ® • 
given by 

F{z) = {{X 



-defined self- adjoint operator on a 
■ ■ ® M''-, let V £ M, and let F be 

— z)^^v, v). 
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Let E be an open box in that is in the ^-resolvent of X. Then F 
is globally operator monotone on E. 

Proof: First observe that if S is a commuting d-tuple of self- 
adjoint operators on % and (t{S) C E^ then 

F{S) = Rl{I'H®X-SQl)'^Rv (9.3) 
where is as in equation (8.16) and 

K : n n^M 

h I— h^ V. 

Thus equation (9.3) means that for any vectors ^ and rj in Ti, 

d 

{F{S)rj,On = {{In^X-Y^S'-^n-^ V^v,^0v)n^M- (9.4) 

r=l 

Indeed, if r] is an eigenvector of S with eigenvalues a^, then F{S)r] = 
F[a)r], so the left-hand side of (9.4) is F(a)(ry,^). But we have 

d 

{In^X -^S'' ^P'')-^ r]0v = ri®{X-a)~\, 
r=l 

as one can verify by applying {!■}{ ^ X — Ylt=i F'") both sides. 
So the right-hand side of (9.4) is 

{r],0{iX -a)-'v,v), 

which is the same as the left-hand side of (9.4). If S has a spanning 
set of eigenvectors, our claim is proved. If it does not, one can ap- 
proximate it in norm by a d-tuple that does, and the claim follows by 
continuity. 

Now let S and T be d-tuples of commuting self-adjoint operators 
with a{S) U cr(r) C and A := r - S" > 0. Let 

R'\t) = {l-t)S'' + tT'', l<r<d. 

Then for t in the range (0,1), the d-tuple R{t) will consist of self- 
adjoint operators that need not commute with each other. Nonethe- 
less, letting 

Y{t) = {In®X-R{t)Ql) 
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then i?*y(t) ^Ry still makes sense by Lemma 9.5. Moreover, 
jY{t)-' = Y{t)-\AQl)Yit)-\ 

and so is positive. Therefore 

F{T) - F{S) = RlY{iy^R^ - RlY{0)-^R^ 
= Rl -Y{t)~^dtR, 

= [ RlY{ty\AQl)Y{ty^R^dt 

Jo 
> 0. 

□ 

Lemma 9.5. Let aJ' < 1 < r < d, and let X be a densely defined 
self-adjoint operator on a graded Hilbert space A4 = ^f^-^Ai^ . Sup- 
pose that for every t in (0, 1), the point At = (1 — t)a + tb is not in 
the fi-spectrum of X. Let S = {S^, . . . , S"^) be a d-tuple of bounded 
self-adjoint operators on a Hilbert space H, with a{S^') C {a^,b'^) for 
each r. Then L ® X — 'Y^'l^i ^ is invertible, with a bounded 
inverse. 

Proof: First, suppose = —1 and 6^ = 1 for each r. Then 
(-l,l)ncj(X) is empty, and so is (-1, l)ncr(/(g)X). So \\Ln(^X^\\ > 
WCW for every in Ti M. But if cj(5^) C (-1, 1) for each r, the 
operator has norm less than one. Therefore I ® X — 

Ylt=i invertible. 

In the general case, let m'^ be the midpoint and c^ half the length 
of the interval (a^, 6*"), so = m*" — c*", ¥' = m''' + d' . Let 

If cj^ denotes the /i-spectrum, 

a^{Y) = c~^{a^{X)-m), 

and hence the point (1 — 1) + tl lies in the /i-resolvent set of Y 
for < t < 1. Let T' = (l/cO(5^ - m^L-H). Then T*" is a strict 
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contraction, and so, by the previous case, Y — ^T"^ ® P"^ is invertible. 
As 

d 
r=l 

we get the desired result. □ 

We can now prove a global result for rational functions of two 
variables. 

Theorem 9.6. Let F he a rational function of two variables. Let T 
be the zero-set of the denominator of F. Assume F is real-valued on 
\ r. Let E be an open rectangle in \ F. Then F is globally 
operator monotone on E if and only if F is in C{E). 

Proof: Necessity follows from Theorem 8.1. 

For sufficiency, by Lemma 9.7 it is sufficient to prove the theorem 
for Ft^ with t„ \ 0, where Ft = pt o F o pt. Suppose the degree of F 
is in and in z^. Let (p = /S o F o a. By a result of G. Knese 
[21], there is a model for p in a Hilbert space M = Ai^ © with 
dim(A4^) = for r = 1 and 2; see also the paper [8] by J. A. Ball, 
C. Sadosky and V. Vinnikov. 

Accordingly, in Theorem 6.9, we obtain a realization of Ft on A^^® 
of the form (6.10); since A4 is finite-dimensional, the vector v is 
in the domain of X. By Theorem 6.33 (v)=^>(ii), for some vi € Ai 

Ft{z) = C+{{X-z)-^vi,vi)m, 

where dim(A^'') = n*" for r = 1 and 2, and Ft{oo, oo) = C < oo. Then 
the pole-set Tt of Ft is contained in the zero-set of det(X — z) which 
is a rational function of degree (dim(A^^), dim(A^^)). As these two 
algebraic sets have the same degree, they must be equal. So the p- 
resolvent of X is \rf, and now the result follows from Theorem 9.2. 
□ 

Let pt be as in (6.8). The following lemma is elementary. 

Lemma 9.7. Let t > 0. Let U be an open set in M.'^. Then: 

(i) The function F is globally operator monotone on Un{ — l/t, oo)'^ 
if and only if Fopt is globally operator monotone on p^^(J7)n(— oo, 1/t)'^. 

(ii) The function F is globally operator monotone on UnF~^{—l/t, 1/t) 
if and only if pt o F is globally operator monotone on the same set. 
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What happens to Theorem 9.6 in d > 3 variables? It is still true 
that rational Lowner functions have finite-dimensional models [12, 8]. 
However, a recent example of Knese [22] shows that the minimal di- 
mension needed may be strictly greater than the degree of F in 
z"^ . So we cannot rule out the possibility that the //-spectrum of X 
contains some other algebraic sets in M'^ than just the zero set of the 
denominator of F. 

We now give an example of a non-rational globally operator mono- 
tone function. 

Example 9.8. For < s < 1/2, the function {z^z^Y is operator 
monotone on (0, oo) x (0,oo). 

Indeed, if (0, 0) < {A^,A^) < {3^,3"^) and s is between and 1/2, 
then 

\\{Ay{B^)-'\\ < 1 for r = 1,2. 
Therefore the norm of 

is less than or equal to 1, so the largest eigenvalue is less than or equal 
to 1, and therefore the largest eigenvalue of 

{B'^)-'/\B^y'/^{A^y{Ay{B'^)-'/^{B^)-'/^ (9.9) 

is also less than or equal to 1. But (9.9) is self-adjoint, so less than or 
equal to the identity. Therefore 

{A^Ay < {B^By. 

We do not know if {z^z'^Y can be approximated by rational func- 
tions in the Lowner class. 

Let us close with some questions. 

• Is Theorem 9.6 true for rational functions of more than 2 vari- 
ables? 

• Can E be an arbitrary open set in Theorem 9.2? 

• Is every function in C{E) globally operator monotone on E7 

• Is every function in Cn{E) M„-monotone on El 
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